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Unsteady Blade-Row Flow Calculations Using
a Low-Reynolds-Number Turbulence Model

Chang Ho Choi¤ and Jung Yul Yoo†

Seoul National University, Seoul 151-742, Republic of Korea

A computationalstudy on unsteady compressible � ows has been performed by adoptinga low-Reynolds-number
k–! turbulence model in conjunctionwith dual-time-steppingandmultigridschemes. An explicit four-stageRunge–

Kutta scheme for the Navier–Stokes equations and an approximate factorization scheme for the k–! turbulence
model equations are adopted for dual-time stepping. Computational results for unsteady shock-wave boundary-
layer interaction in the case of shock buffeting phenomena around a bicircular-arc airfoil are in good agreement
with extant experimental data, as well as those for blade surface-pressure distributions in the case of rotor-stator
interaction in a turbine stage. Comparisons of the results obtained by the k–! and algebraic turbulence models
indicate that the effect of turbulence models on the surface-pressure distributions is not so signi� cant in the case of
rotor-stator interaction as in the case of shock buffeting phenomena, which depend on the extent of the separated
region involved. However, based on the results obtained by the k–! model, the effects of the wake from the stator
on the boundary-layer transition over the rotor blade surface can be explained by showing that high-intensity
turbulence of the stator wake induces an early transition.

Introduction

M ODERN turbomachinery requires increased durability, high
performance, and reduced noise levels in a smaller size and

with fewer components. To achieve these design criteria, an accu-
rate understanding of the effects of � ow unsteadiness is essential
because turbomachinery � ows are basically unsteady because of
interactions between adjacent blade rows. There are three types of
such interactions,which are called potential-�ow, wake, and shock-
wave interactions.1 These interactionsare known to cause unsteady
aerodynamic excitations that can induce blade vibrations, generate
discrete-tonenoise, and degrade aerodynamic ef� ciency.2

Four categories of numerical procedures for analyzing � ows
in multistage turbomachinery can be made according to how
the boundary conditions are prescribed at a common grid inter-
face between adjacent blade rows1,3: 1) steady single blade-row
techniques,4 2) steady coupled blade-row techniques,3 3) loosely
coupled blade-row techniques (LCBR),1,2 and 4) unsteady fully
coupled techniques.5 ¡ 12 Among them, only unsteady fully coupled
simulation solves the � ow� eld of multiple blade rows simultane-
ously without any modeling except for turbulence. Therefore, this
approach requires enormous computer resources.But all of the im-
portant physics of unsteady interactioncan be accuratelypreserved
within the limitsof turbulencemodeling.This fullyunsteadymethod
was � rst used by Rai,5,6 who solved two-dimensional and three-
dimensional thin-layer Navier–Stokes equations using a system of
patchedand overlaidgrids for a rotor/stator con� gurationof an axial
turbinein conjunctionwith an iterative,factored,implicit algorithm.
Then, Madavan et al.7 developedand validated a three-dimensional
multipassageNavier–Stokescodefor predictingtheunsteadyeffects
caused by turbine rotor-stator interaction. Arnone et al.8 proposed
a dual-time stepping method to solve a rotor-stator interaction in
conjunction with a multigrid scheme.

Whereas the preceding authors adopted algebraic turbulence
models, more efforts are being focused on the use of two-equation
turbulence models. Dorney9 and Dorney and Ashpis10 used a vis-
cous unsteady quasi-three-dimensional Navier–Stokes analysis to
quantify the Reynolds-numberdependence of low-pressure turbine
cascades and stages by adopting the k–² model. Hah et al.11 devel-
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oped a three-dimensional, unsteady, viscous aerodynamic analysis
for the � ow insidea transonic,high-through-�ow, single-stagecom-
pressor, applying a two-equation low-Reynolds-numberturbulence
model of Chien.13 Very recently, Dorney et al.12 used an unsteady
quasi-three-dimensional Navier–Stokes analysis to investigate the
unsteady aerodynamics of stator clocking in a one-and-one-half
stage compressor.

The present study has been performed in line with this trend by
adopting a low-Reynolds-number two-equation turbulence model
in the hope that it can simulate better the convection of turbulence
in the process of rotor-stator interaction than the algebraic turbu-
lence model. Among the two-equation turbulence models, the k– x
model suggested by Wilcox14 and modi� ed by Menter15 has the
advantages that it does not require damping functions in the vis-
cous sublayer and that the model equationsare mathematicallysim-
pler and less stiff near the wall. Furthermore, it has been designed
to achieve more accurate predictions for adverse-pressure-gradient
� ows. These features offered by the k– x model have motivated the
present applications.

Thus, the objectiveof the presentstudy is to examine the unsteady
aerodynamicphenomena by adopting a low-Reynolds-numberk– x
model in comparison with the algebraic turbulence model. The ap-
plicability of the k– x model to the unsteady separating and wake
� ow problems is examined by considering the unsteady shock buf-
feting phenomena over a bicircular-arc airfoil, where the shock
waves oscillate and shock-inducedseparationsoccur. This problem
is chosen because of its well-documentedexperimental results16 ¡ 18

and similarity to turbomachinery blade-row � ows. Then, fully un-
steady and steady averaging-plane approaches for analyzing the
turbine rotor-stator interaction are applied to study blade surface-
pressure distributions by comparing with available experimental
data and to consider the effects of the wake from the stator on the
boundary-layer transition over the rotor blade surface.

Numerical Method
Governing Equations

The system of governing equations considered in the present
study consists of the time-dependent two-dimensional Reynolds-
averaged Navier–Stokes equations and low-Reynolds-number k– x
model equations, which can be written in a conservative form as
follows:
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where Q = [ q , q u, q v , q E , q k, q x ]T , the vectors Ec and Fc ac-
count for the convective terms, E m and Fm the viscous terms, and
S the source terms. More speci� cally, the source terms are present
only in the turbulence model equations and can be de� ned as

S = J ¡ 1

s i j
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(2)

where theclosurecoef� cients a , b , b ¤ are chosenin accordancewith
Wilcox14 and the last term r d is included to remove the sensitivity
of the k– x model to the freestream value of x such that

r d = r
q
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(3)

according to Menter.15

Time-Stepping Scheme

Navier–Stokes Equations

As shown by Jameson19 and Arnone et al.,20 the Navier–Stokes
equations written in the form of Eq. (1) can be reformulated in such
a way that a time-marching steady-state solver can be applied to
them. That is, by introducing a � ctitious time s , Eq. (1) can be
reformulated with a new residual R ¤ as follows:

@Q

@s
=

@Q

@t
¡ R(Q) = R ¤ (Q) (4)

To reduce the new residual R ¤ , all of the accelerating techniques
developed in steady-state problems can be used while marching in
this � ctitious time. Derivatives with respect to real time t are dis-
cretized using a three-point backward-differenceformula, which is
second-order accurate in time. An explicit four-stage Runge–Kutta
scheme is iteratively used in the time integration, and the second-
ordercentral-differencemethod is used for the spatialdiscretization.

k– x Model Equations

The dual-time-steppingmethod is basically implicit. However, it
may result in numerical instabilityof turbulencemodel equations if
an explicit time marching in s is used because they represent large
source terms in the boundary layer. Thus, in the present study an
implicit time marching in s is adopted for the k– x model equations
written in the form of Eq. (4) (Ref. 21). They are now reformu-
lated by applying an approximate factorization scheme to the time
marching in s as follows:
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where R ¤ and D Q are de� ned as

R ¤ = [ ¡ (3Qk ¡ 4Qn + Qn ¡ 1) / 2D t + Rk ]

D Q = Qk+1 ¡ Qk (6)

with n denoting the physical time stage and k the � ctitious time
stage.The � rst-orderupwindschemeis used for theconvectiveterms
to enhancethe stabilityand the central-differencescheme is used for
the diffusive terms. The lower-order differencing of the convective
terms does not signi� cantly affect the second-orderaccuracy of the
mean-� ow solution.This is probably because the turbulenceaffects
the mean � ow only througheddyviscosity.Again, properevaluation
of the source terms is crucial to the stability of the computation
because the source terms become very large in the near-wall region,
which causesthe equationsto beverystiff. Thus, in the presentstudy

the source terms are treated implicitly and linearized by assuming
that x / k and l T are constant. The source-Jacobian matrix of the
k– x model equations is given by

@S

@Q
=

¡ 2/3Di j ¡ 2 b ¤ x 0

0 ¡ 2/3 a Di j ¡ 2b x
(7)

where Di j = max[0, (@u / @x + @v / @y)].

Convergence Acceleration Schemes

To accelerate the convergence of the solution, locally varying
time-step, implicit residual smoothing, and multigrid schemes are
applied to the Navier–Stokes equations. In particular, the full ap-
proximation storage (FAS) multigrid scheme of Jameson22 and
Brandt23 is used. As a matter of fact, this scheme is also applied to
the k– x modelequations,payingattentionto the fact that implemen-
tation of multigrid scheme to the turbulence model equations has
been only very recently introduced.24,25 The turbulence-production
term s i j (@ui / @x j ) is calculated only in the � nest grid and restricted
to the coarse grid because of its nonlinearity.The multigrid scheme
is not applied in the viscous sublayer region. That is, the calculation
is performed there, but the corrections to the � ner grid solution are
not because x varies rapidly from 109 to 104 in the near-wall region.
This steep change can deteriorate the convergence of the solution
when thereare not suf� cientgridpoints.The source-Jacobianmatrix
is also used in the coarse grid to reduce the numerical stiffness.

Arti� cial Dissipation

For the Navier–Stokes equations an eigenvalue scaling of
arti� cial-dissipation terms of fourth-order and second-orderdiffer-
ences are included with appropriate scaling in the near-wall region
to eliminate odd-even point decoupling and oscillations near the
shock waves and stagnation points.26 A similar type of arti� cial-
dissipation formulation may be used for the k– x model equations.
But we adopt an upwind scheme for the k– x model equations be-
cause of its simplicity and stability.21

Boundary Conditions

Because the cell-centered � nite volume approach is used, phan-
tom cells are placed outside the boundaries, to which boundary
conditions are assigned.

According to the theory of characteristics, three quantities are
speci� ed at the subsonic inlet boundary.Freestream values of k and
x are speci� ed according to Menter.27 At a subsonic outlet the av-
erage static pressure is given, while other variables are extrapolated
from the interior of the computational domain. At solid surfaces
velocity and turbulentkinetic energy are set to zero, and pressure is
extrapolated from the interior, while the solid walls are assumed to
be adiabatic. The speci� c dissipation rate x is speci� ed at the � rst
grid point from the wall as

x = 6 m w
3
40

y2 as y ! 0 (8)

For calculatingthe rotor-stator interactionwe consider that stator
and rotor grids have a common interface boundary and the match
is imposed through appropriate evaluation of phantom cell values.
At the interface boundary the phantom cells of the stator and rotor
grids lie inevitably on the adjacent blade passages, respectively.
Because O-type grids are to be used, the cell shapes are irregular
near the interface boundary.Thus, a bilinear interpolationusing the
triangle-areamethod is adopted.This interpolationmethod may not
guarantee the conservationsof mass, momentum, and energy across
the interface. But accuracy can be retained in an engineering sense
when there is not a steep gradientof a � ow variable such as a shock
wave.

For the steady averaging-planemethod the nonre� ecting scheme
of Chima3 is applied to the interfaceof the blade rows. This scheme
allows close spacing between blade rows without re� ection of � ow
variables.
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Results and Discussion
Flow Around a Bicircular-Arc Airfoil

Experiments on the � ow around an 18% thick airfoil were con-
ducted in a wind tunnel at NASA Ames Research Center.16 ¡ 18 It
was reported that for freestream Mach numbers between 0.74 and
0.78 the � ow was unsteady but periodic, with shock-induced sep-
aration alternating from one side of the airfoil to the other. The
reduced frequency (= p f C /u 1 , where C denotes chord length) of
the experiment was about 0.49. As the freestream Mach number
was increased, it was shown that the shock moved downstream.For
Mach numbers higher than 0.78, the � ow was steady,and separation
occurred on both sides of the airfoil trailing edge.

The present computation is mainly performed at M =0.76 and
Re =11 £ 106 . Figure 1 shows the computationalgrid consistingof
two 161 £ 65 grid blocks, where the tunnel walls are contoured ac-
cording to the data of McDevitt et al.16 The averagevalue of y+ , the
dimensionlessdistanceof the � rst gridpoint from the wall, is smaller
than unity.In themultigridcalculationsthreegrid levelsare adopted,
which requires about 50 iterations per cycle for achieving a resid-
ual drop of 10 ¡ 6 . The time step was chosen to be 1

145 of one cycle.
This corresponds to the Courant–Friedrichs–Lewy (CFL) number
between 2 (outer stream) and 16,000 (boundary layer). The CFL
number is maximum at the trailing edge close to the wall because
the velocity is rather high because of shock-inducedseparation and
the grid size is very small.

Instantaneous Mach number contours are presented in Fig. 2.
A strong separation develops behind a shock wave on the upper
side, and it is clear that this separation induces an unsteady motion
(Figs. 2a–2c). As explained in Seegmiller et al.,17 the probable pro-
cess that initiates the unsteady� ow� eld dependson two conditions:
a slight asymmetry in the location of the separation points on the
upper and lower surfacescausedby an inherentcode asymmetryand
rapid development of a separation zone on one side of the airfoil.
The resulting asymmetry in the wake tends to extract mass from
the trailing-edge separated region on the other side of the airfoil,
as shown in Fig. 3, where instantaneous Mach number contours
and streamlines are presented. This extraction of mass causes the
� ow on the lower side to accelerate so that a shock wave starts to
develop (Figs. 2d and 2e). Then, the strength of the shock on the
upper side begins to decrease as it advances upstream where local
velocities are low (Figs. 2e and 2f). Eventually, it vanishes at about
x / C ¼ 0.65, and the separation region collapses to complete one
cycle (Fig. 2g). Meanwhile, an identicalprocess is occurring on the
lower side 180 deg out of phase. The correct prediction of the size
of separation bubble is crucial to a time-accurate calculation.

The time histories and reduced frequencies of pressure � uctua-
tions at two points on the airfoil surface are to be comparedwith the
experimental results of Seegmiller et al.17 as well as the computa-
tional resultsof Arnone et al.20 First, we are interested in comparing
only themagnitudeof pressure� uctuations.Therefore,in Fig. 4 each
set of data is representedin terms of time dividedby the correspond-
ing period of pressure � uctuations. All of the data correspond to
the condition at M = 0.76 and Re = 11 £ 106 , except that the com-
putational results of Arnone et al. correspond to the condition at
M = 0.765 and Re = 8 £ 106 . At x / C =0.5 their data show rather
smooth rise and fall of the pressure � uctuation and underestimate it
substantially,whereas at x / C = 0.775 their data slightly underpre-
dict it. This means that their calculatedshock was not strong enough
becausethe algebraic turbulencemodel predicteda small separation
behind the shock wave, thus hindering the shockwave from advanc-
ing suf� ciently far upstream. On the other hand, the present results
agree well with the experimentaldata at x / C = 0.5, but overpredict
the pressure � uctuation by 15% at x / C = 0.775. This is thought to

Fig. 1 Two 161 ££ 65 H-type grid blocks for calculating the shock buf-
feting � ow.

a) Time = 0
7
T

b) Time = 1
7
T

c) Time = 2
7
T

d) Time = 3
7
T

e) Time = 4
7
T

f) Time = 5
7
T

g) Time = 6
7
T

Fig. 2 Instantaneous Mach-number contours for the shock buffeting
� ow at M = 0.76.
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a) Mach-number contours

b) Streamlines

Fig. 3 Close-up view of Fig. 2d showing a large separated region at the
trailing edge.

a) x/C = 0.5

b) x/C = 0.775

Fig. 4 Surface-pressure evolutions at two points on the bicircular arc
airfoil, M = 0.76 and Re = 11 ££ 106.

Fig. 5 Reduced frequency vs freestream Mach number.

Fig. 6 Two 201 £ 69 O-type computationalgrids for the LSRR turbine
stage.

be caused by the stronger intensity of the shock wave in the present
prediction than in the experiment.

Next, Fig. 5 shows that the present calculation indicates a re-
duced frequency of 0.478, which agrees reasonably well with the
experimental result, whereas other calculations adopting algebraic
turbulencemodels17,20 underestimatedit by 20% (0.41). The under-
estimation of the reduced frequency with the algebraic models is
quite possibly caused by the prediction of a smaller size of the sep-
arated region, which induces the unsteadymotion as just explained.

Rotor-Stator Interactions

Calculations are performed to consider the rotor-stator interac-
tion of a single-stage axial turbine, using the geometry and test
data of the United Technologies large-scale rotating-rig (LSRR)
turbine,28 which consisted of 22 stator blades and 28 rotor blades.
In the present study, however, this turbine is modeled using one sta-
tor blade and one rotor blade to save the computationalpower. The
rotor geometry is enlarged by a factor of 28

22 to maintain the same
blockage. A 15% axial gap is used between the stator and rotor
blade rows in accordance with the experiment. The rotor rotating
speed is x R =u1 / 0.78, where u1 is the inlet axial velocity.The inlet
Mach number is about 0.07, and the freestream Reynolds number
is 100,000/in. (39,370/cm). Figure 6 shows the computationalgrids
of stator and rotor, each consisting of two 201 £ 69 grid blocks.
O-type grids are generated by an elliptic grid generatorand then re-
distributedin the pitchwise direction using a geometric progression
method. The averagevalueof y+ is again about1. Computationsare
performed on a CRAY-J90 supercomputer. Among the four meth-
ods for analyzing turbomachineryblade-row � ows presented in the



772 CHOI AND YOO

Fig. 7 Evolutions of rotor lift coef� cient.

Fig. 8 Time histories of streamwise velocity at two different locations
near the rotor leading edge.

Introduction,two approachesare applied,namely, the fully unsteady
calculation method and the averaging-planemethod. Further, com-
putations adopting the Baldwin–Lomax model are also carried out
to examine the effect of turbulence models.

Fully Unsteady Calculation

The effectof time-stepsize on the rotor lift evolutionis considered
as shown in Fig. 7. It has been con� rmed that for a time-step size
smaller than 1

200 of one cycle there are not signi� cant differences in
the solution. Thus, a time step of 1

200 of one cycle is chosen in the
present calculation.This corresponds to the CFL numbers between
2 and 7500. Calculations are performed using three grid levels and
required about 35 iterations per time step for achieving a residual
drop of 10 ¡ 6 . In this case it took about 6180 s per cycle. Because
of the close spacing between the stator and rotor blade rows, at
the interface boundary the phantom cells of one grid block would
be overlaid in the blade passage of the other grid block when the
calculation is performed on the coarsest grid. Therefore, at the last
stage of convergence only one grid level is adopted. The cost per
grid point per iteration (D s ) and the cost per grid point per dual-
time step ( D t ) are 6.65 £ 10 ¡ 5 s and 2.27 £ 10 ¡ 3 s, respectively.
A fully explicit Runge–Kutta computation with a CFL number of
2.5 would have required 3000 iterations per time step, which would
take about 3.7 £ 105 s per cycle if there were not a stabilityproblem
in the calculation of turbulence model equations. Thus, the present
method requires 1

60 of the CPU time of the fully explicit method,
which means that the present method can reduce the CPU time by
98%, compared with the fully explicit scheme. Figure 8 describes
time histories of streamwise velocity at two different locations near
the rotor leading edge. The velocity � eld becomes time periodic
after three or four cycles.

Figure 9 compares the computed time-averaged pressure-
coef� cient distributions along the stator and rotor blade surfaces

a) Stator

b) Rotor

Fig. 9 Time-averaged pressure-coef� cient distributions along the sta-
tor and rotor blade surfaces.

with the experimental data of Dring et al.28 The pressure coef� cient
is de� ned as

C p =
Pavg ¡ Pt1

1
2
q 1 x

2
R

(9)

where Pavg is the average static pressure over one cycle at a given
point, Pt1 the average inlet total pressure, and q 1 the average inlet
density. The computations using the k– x model and the Baldwin–

Lomax model both agree well with the experimental data except
at x / C =0.3 of the stator suction side and at x / C =0.65 of the
rotor suction side. These discrepancies are probably caused by the
three-dimensionaleffects caused by the low aspect ratio of the ex-
perimental airfoil.5,6

The magnitudes of the unsteady pressure along the stator and
rotor surfacesare shown in Fig. 10. The unsteadypressureamplitude
coef� cient is de� ned as

Pa =
Pmax ¡ Pmin

1
2
q 1 x 2

R

(10)

where Pmax and Pmin represent the maximum and minimum pres-
sures occurringover one cycle at a given location. In the case of the
stator, the agreement between calculation and experiment is fairly
good despite the fact that the rotor geometry is scaled up, whereas,
in the case of the rotor, the pressure � uctuation is somewhat over-
predicted near the trailing edge. This trend is consistentwith previ-
ous results,2,5 and an improvement can be made by a combination
of including three-dimensionalityand multipassageapproach.7 The
Baldwin–Lomax model shows a similar trend to the k– x model ex-
cept that it predicts somewhat smaller values than the latter. How-
ever, the differences between the results of the two models are not
so signi� cant as those for the shock buffeting case. The effect of
turbulence models on the rotor-stator interaction may not be sub-
stantialas long as the extentof the separatedregion involvedis small
and the � ow is largely inviscid. Thus, in the remaining part of the
present paper, only the computational results obtained by the k– x
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a) Stator

b) Rotor

Fig. 10 Pressure amplitude coef� cients.

model are presented, wherever discussions are made in connection
with turbulence characteristicsof the � ow� eld.

Figure 11 depicts instantaneous Mach-number contours during
one blade-passing cycle, in which two types of interactions are
salient, i.e., potential-�ow and wake interactions.As the rotor blade
moves down (Figs. 11a–11c), the Mach-numbercontoursof the sta-
tor blade passage,particularlyat the suction side, vary in the fashion
of potential-�ow interaction. The presence of the rotor in� uences
the � ow� eld around the stator. When the rotor comes close to the
stator(Figs. 11d and 11a), theMachnumber increasesnear the stator
trailing edge. Then it is clearly seen that the wake convected from
the stator trailing edge collides with the rotor leading edge, which
manifests the wake interactionbetween the stator and rotor. On the
otherhand, in Figs. 11aand 11b where thewakegoes froma � negrid
region to the coarsecorner of the next grid, the wake widens quickly
across the interfaceboundary.Therefore, the accuracyof simulating
the wake convectionmay be affected, so that H-type gridsor H-type
overlaid grids embedded with O-type grids are recommended to be
used to improve this situation.2,5,8

The wake-interaction mechanism is more evident in Fig. 12,
which shows instantaneous turbulent kinetic energy contours cor-
responding to turbulent intensities greater than about 2% and skin-
frictioncoef� cient distributionsalong the rotor blade surface during
one cycle. The skin-friction coef� cient is de� ned as

C f = s w
1
2
q x 2

R (11)

The turbulent kinetic energy level at the rotor boundary layer be-
comes high when the stator wake collides with the rotor leading
edge, as shown in Fig. 12a. The boundary layer remains laminar
along the pressure surface (S / C > 0), but it undergoes transition
and becomes turbulent along the suction surface (S / C < 0), where
S denotesarc distancealong theblade surface.The small riseand fall
of C f at ¡ 0.4 < S / C < ¡ 0.1 are considered to be caused by to the
curvatureeffect, which can be seen in Fig. 11 as a bubble-likeshape
near the leading edgeof the suction side of the rotor blade.Then, the

a) Time = 0
4
T

b) Time = 1
4
T

c) Time = 2
4
T

d) Time = 3
4
T

Fig. 11 InstantaneousMach-numbercontoursduring one blade-pass-
ing cycle.

boundary layer undergoes transition at S / C ¼ ¡ 0.5 and becomes
turbulent. As the rotor blade moves down, the transition point is
shown to occur farther downstream in Fig. 12b than in Fig. 12a.
Consequently, Fig. 12c shows the existence of laminar-like � ow
regime on the suction side because the wake effect is con� ned to
the pressure side. When the rotor blade is close to the wake prior to
colliding, skin friction becomes high becauseof the boundary-layer
thinning caused by the high-pressureregion in the wake (potential-
� ow effect). The boundary layer is further thinned, and skin friction
becomes higher in Fig. 12e. Maximum skin friction occurs when
the wake collides with the leading edge of the rotor blade, which
triggers � ow transition from laminar to turbulent. This is possibly
because of the high level of kinetic energy in the wake region.

Steady Calculation

The convergence of the calculation can be greatly enhanced by
using the multigrid method when the inviscid � ow� eld develops.
However, after the developmentof the inviscid� ow� eld, theviscous
� ow� eld develops, and the use of multigrid does not enhance the
convergence any more. Thus, in the present study one grid level
is adopted at the last stage of convergence. A multigrid algorithm
employing three grid levels is used until a residual drop of 10 ¡ 5

is achieved, and then one grid level is used for a residual drop of
10 ¡ 6, which requires about 4300 time steps and 3600 s, as shown in
Fig. 13.
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a) Time = 0
5
T

b) Time = 1
5
T

c) Time = 2
5
T

d) Time = 3
5
T

e) Time = 4
5
T

Fig. 12 Instantaneous turbulent kinetic energy contours and skin-
friction coef� cient distributions along the rotor blade surface during
one cycle.

Figure 14 depicts the pressure-coef�cient distributions along the
stator and rotor blade surfaces, where there are again little differ-
encesbetween the resultsof the k– x modeland theBaldwin–Lomax
model. Although it is believed that grid-independent solutions are
obtained, the pressure-coef�cient distributionson the stator suction
surface and on the rotor pressure surface show large differences
from the experimental data. These discrepancies can be explained
by comparing the Mach-number contour plots in Figs. 11 and 15,
from which it is noted that the unsteady motion of the rotor in� u-
ences stator suction side and rotor pressure side more than other

Fig. 13 Convergence histories of the steady calculation.

a) Stator

b) Rotor

Fig. 14 Pressure-coef� cient distributions along the stator and rotor
blade surfaces.

sides. Then, it is clear that the steady approach predicts pretty well
the steady-like portions of the unsteady motions. Kinetic energy
contours are also shown in Fig. 15c, which are smooth without any
wiggles on both sides of the interface boundary, indicating that the
nonre� ecting boundary conditions are successfully implemented.
However, it is noteworthy that the convection of turbulent kinetic
energy through wake effects is lacking here because mixed-out av-
erage is used at the interface.

Figure 16 shows the skin-friction coef� cient distributions along
the rotor blade surface obtained by both methods. In comparison
with the unsteadycalculation, the steady calculationshows a some-
what higher level of skin-frictiondistribution,but qualitativelythere
is no signi� cant difference between the results of unsteady and
steady calculations. The skin-friction distributions along the sta-
tor blade surface are not presented here for brevity because very
little is worthy of discussion.

We argue that algebraic turbulence models and the steady ap-
proaches may predict the potential-�ow properties well with small
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Table 1 Comparison between unsteady and steady calculations

Unsteady calculation Steady calculation

Baldwin–Lomax model Baldwin–Lomax model Experimental
k– x model: k– x model: conditions

Parameter present study Present study Ref. 2 present study Present study Ref. 2 Ref. 28

Absolute � ow angle at the stator exit ¡ 68.55 deg ¡ 67.46 deg ¡ 66.89 deg ¡ 68.36 deg ¡ 68.17 deg ¡ 67.7 deg ¡ 67.5 deg
Relative � ow angle at the rotor inlet ¡ 48.76 deg ¡ 48.28 deg ¡ 47.66 deg ¡ 49.76 deg ¡ 49.38 deg ¡ 47.27 deg ¡ 50 deg
Relative � ow angle at the rotor exit 64.11 deg 64.02 deg 63.15 deg 64.60 deg 64.28 deg 63.3 deg 64.5 deg
CPU time 6180 s/cycle 5510 s/cycle —— 3600 s 2909 s —— ——

a) Mach number

b) Close-up view of (a) near the stator trailing edge

c) Turbulent kinetic energy

Fig. 15 Contour plots for the steady calculation.

CPU time requirements, but they cannot properly describe the
convectionof the turbulentkinetic energy downstreamof the stator,
which has signi� cant effects on the boundary-layer transition and
heat transfer over the rotor blade surface. This kind of transition is
called wake-induced transition and mainly affected by the turbu-
lence of the upstream wakes, rather than by the level of the velocity
defect.29,30 For these situationstwo-equationturbulencemodels and
unsteadyapproachesare more adequate,by which the convectionof
turbulent kinetic energy is better simulated without prescribing the
transition point beforehand. Although the present k– x model can-
not predict properly the onset of transition over the turbine blade
surface under the presence of stagnationpoints and, further, cannot
predictwake-induced transitionprecisely,we believe that it can still

Fig. 16 Skin-friction coef� cient distributions along the rotor blade
surface.

represent the general trend of the transition. For future study it is
highly desirable to incorporate an accurate transition model.

Table 1 shows a comparison of the time-averaged � ow angles
and CPU times between the unsteady and steady methods. The � ow
angles obtained by the present calculations are generally in bet-
ter agreement with the nominal operating conditions28 than those
obtained by previous calculations.2 Incidentally, the relative � ow
angles at the rotor inlet and outlet obtained by the present steady
calculation using the k– x model are in excellent agreement with
the given conditions.The unsteadymethod adopting the k– x model
requires 6200 s per cycle and a total of about 24,000 s including the
CPU time to obtain time-periodic solutions. Overall, the unsteady
approachrequires seven times the CPU time of the steady approach.
Calculations adopting the Baldwin–Lomax model show similar re-
sults with about 10 » 20% reduction of the CPU time, which is
caused by the fact that it does not need to solve extra two transport
equations.

Conclusions
Compressible unsteady � ows past a bicircular arc airfoil and

throughthe LSRR turbineblade rows are calculatedmainly by using
a low-Reynolds-number k– x turbulence model. An explicit four-
stage Runge–Kutta solver for the Navier–Stokes equations and an
implicit approximatefactorizationscheme for the k– x model equa-
tions are proposed in connectionwith the use of dual-time-stepping
and multigrid schemes. Much CPU time can be saved by adopting
this hybrid method.

The low-Reynolds-numberk– x turbulence model has been suc-
cessfullyappliedto the shockbuffetingphenomenaovera bicircular-
arc airfoil, providinggood agreementswith the experiment in terms
of shock-waveboundary-layerinteractionand the relatedseparation
phenomena. In regard to this, it is discussed that a close prediction
of the size of the separation bubble behind a shock wave plays an
important role, which is better embodied by the k– x model than by
the algebraic turbulence model.

When we applied the present method to the fully unsteady cal-
culation of the rotor-stator interaction in a turbine stage, we again
obtained a satisfactory agreement with the experiment in terms of
pressure-coef�cient distributionsand � ow angles. For this case it is
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discussed that the effect of turbulence models is not so substantial
because of the existence of small separated regions. The steady
averaging-plane method also showed fairly good overall perfor-
mance.However, it is emphasizedthatwake effectsmust be included
in thecomputationalinvestigationto accountfor the turbulencechar-
acteristics of the � ow� eld because the convection of the turbulent
kinetic energy may affect the rotor performance by triggering an
early transition from laminar to turbulent � ows.
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